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Lecture 4: Binary arithmetic



1. Logical functions and logic gates

2. Low level logic design

3. Binary number representation

4. Binary arithmetic

5. Integration of digital logic components

6. Memory and sequential circuits

7. Design of sequential logic

8. Data converters: analogue to digital / digital to analogue 

Overview of lectures

Please send feedback, comments and corrections to mark.cannon@eng.ox.ac.uk



Why do programmers confuse Halloween and Christmas?

because 31 OCT = 25 DEC

Number representations



Overview of lecture 4

<latexit sha1_base64="lEfajVEQpo5EoltjhdhuYtVTNW0="></latexit>↭ Addition, half and full adders

↭ Ripple addition

↭ Subtraction

↭ Multiplication

↭ Fixed point arithmetic

↭ Floating point numbers
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A B Sum  Carry Decimal
===========================
0 0 0  0  010
0 1 1  0  110
1 0 1  0  110
1 1 0  1  210

Addition – the half adder

inputs outputs

The most fundamental addition is that of two single digits (or bits)

Truth table for addition of two single bit numbers:

6
+     7

   3
1

1

A B  XOR  AND
====================
0 0  0  0 
0 1  1  0
1 0  1  0 
1 1  0  1



<latexit sha1_base64="m6lYITBu7nBw46QidSnuwXQRVbs="></latexit>

Cout = Ai.Bi + Cin.Bi + Cin.Ai

= Ai.Bi + Cin.(Ai +Bi)

Full adder
If more than one bit, then there may be a carry in from the previous bit addition

could be XOR instead

1 6
+ 2 7

   3
1

4

inputs outputs

Ai Bi Cin  Sum  Carry out
=============================
0 0 0  0  0
0 0 1  1  0
0 1 0  1  0
0 1 1  0  1
1 0 0  1  0
1 0 1  0  1
1 1 0  0  1
1 1 1  1  1

<latexit sha1_base64="BJ+e2OLrrDffSo8wjYMv+g4tA6U="></latexit>

Cin.(Ai →Bi)

<latexit sha1_base64="n75yMhR2fjnKjbdZ6sQnBjzIPu0="></latexit> A
iB

iC
in

00 01 11 10

0

1

1

1 11

0 0 0

0

<latexit sha1_base64="CxCjpshii/+VAw8fAwciyobsHTs="></latexit>

Cout

<latexit sha1_base64="eZWqetS5HdiJjXB5CnSjz6h+tSQ="></latexit> A
iB

iC
in

00 01 11 10

0

1

1 1

1 1

0 0

0 0

<latexit sha1_base64="0GkyvhoEfF2qoXkTs7HNeDyT5U8="></latexit>

Si

<latexit sha1_base64="qe9x8Xy2NM4b1HkUwqoreZZ4b+M="></latexit>

Si = Ai →Bi → Cin



<latexit sha1_base64="lYvgC23p+pKrTDv99uBuxhJEAeU="></latexit>

Cout = Ai.Bi + Ci.(Ai →Bi)

<latexit sha1_base64="qxn40jHv/4iRLyS1ECn/knsb3tM="></latexit>

Si = Ai →Bi → Ci

Full adder circuit

Sum out

Carry out

Half Adder

Half Adder

This is the building block for digital addition

It’s the basis for all computation systems in use today

<latexit sha1_base64="1fUPhm9/cPC8ShvK8nZ4Fx0w64Q="></latexit>

Ai
<latexit sha1_base64="gxRPnrb7MUaSICZcNvoBpkRfsVE="></latexit>

Bi

<latexit sha1_base64="tZHQlxGmLUFesznj8r8o5Fo1Ubk="></latexit>

Ai.Bi

<latexit sha1_base64="vwuofvu17Y1lWUPU5wlaWP9WXn0="></latexit>

Ai →Bi



<latexit sha1_base64="kkLqU+7Q4m1rdp4cnaEyXX/fF94="></latexit>

HA

<latexit sha1_base64="0fWBNRG/mRadohI/9JEBKeqyNCQ="></latexit>

B0

<latexit sha1_base64="7jMee+F8o5VH6Qd1RvLlNuFJK1s="></latexit>

C0

<latexit sha1_base64="v3/kyNVpbrvofraAgf5lc4vIu00="></latexit>

A0

<latexit sha1_base64="L51Y3M61CJE+LkClOcE5E4496Rk="></latexit>

S0

Ripple addition
<latexit sha1_base64="swEfGX1iphwMXJqJykAX/FQVDns="></latexit>↭ We want to be able to add more than 2 bits

↭ How can we add two n-bit numbers? An→1 . . . A2A1A0 Bn→1 . . . B2B1B0

<latexit sha1_base64="ueX9ZyWdPT3zPDku4cobNBDxSgk="></latexit>↭ Ripple adder made with Full and Half Adders

↭ Sequentially add pairs of bits: n-bit addition takes n steps

<latexit sha1_base64="luRnWFPwP+/kHkOf2ncG7nrH/ww="></latexit>. . .
<latexit sha1_base64="4F11CHRpyOkPCd+szIH60sQdwYs="></latexit>→<latexit sha1_base64="NuAK/dGcf6ojrDk81tA5D/2FXMg="></latexit>

FA
<latexit sha1_base64="NuAK/dGcf6ojrDk81tA5D/2FXMg="></latexit>

FA
<latexit sha1_base64="NuAK/dGcf6ojrDk81tA5D/2FXMg="></latexit>

FA

<latexit sha1_base64="YXpMLNlkseqapwFHkV/+K4CAFc0="></latexit>

B1
<latexit sha1_base64="68ZrAC7KYLTSwE1ElfHJ/3fG9xA="></latexit>

B2
<latexit sha1_base64="tmhjrwI6XN37AaZv2ikC/xYGsqo="></latexit>

Bn→1
<latexit sha1_base64="QnURTWXEmCspWodoG6wb9qd5OFM="></latexit>

An→1

<latexit sha1_base64="3oAKZEWtyA8bIp8+KoaFZd8QhS4="></latexit>

Cn→1

<latexit sha1_base64="RGLU6TndKaG11Lk5PX2G2CdEniI="></latexit>

Sn→1

<latexit sha1_base64="luRnWFPwP+/kHkOf2ncG7nrH/ww="></latexit>. . .

<latexit sha1_base64="Y5KzIYyUXBjSKj7X7WDDQ/Fectk="></latexit>

A2

<latexit sha1_base64="e4hhOzh/F1c8NX8tTJjoYZhzcH4="></latexit>

C2

<latexit sha1_base64="HxDuqFYzqEUsTUYmPwevedks1vI="></latexit>

C1

<latexit sha1_base64="mshRK4tnyT6K/30FFyCx/ougwfo="></latexit>

A1

<latexit sha1_base64="hy9OfRXCE/wl5ixNzVTbeubRnR4="></latexit>

S1
<latexit sha1_base64="kk5WmFw30h++qxePGI8cOhUbnWM="></latexit>

S2

<latexit sha1_base64="kkLqU+7Q4m1rdp4cnaEyXX/fF94="></latexit>

HA
<latexit sha1_base64="7jMee+F8o5VH6Qd1RvLlNuFJK1s="></latexit>

C0



Look-ahead carry
<latexit sha1_base64="6oENI0Uwjihx9RNfbPvGNq7XpU8="></latexit>

A problem with the ripple adder occurs when you try to add two numbers that come
to more than you can represent

e.g. using 8-bit numbers, find 12810 + 15410

the answer is 12810 + 15410 = 28210

but the largest number represented by 8 bits is 25510 = FFH = 1111 11112

so 12810 + 15410 = 28210 = 10000 00002 + 0001 10102

<latexit sha1_base64="3aLmOsCq7y20sO5A91y8VgmgZKU="></latexit>

→ need to generate a CARRY OUT to flag up the extra bit

Ideally we would like to check this in advance before using lots of time to do the

ripple addition



Looking ahead

Full adder

Half adder

e.g. if we add two 2-bit numbers:

Now have a single logic function that calculates the carry 
out without needing to do full addition

Can be extended to more digits in a similar manner 

<latexit sha1_base64="jSqQ6BtvAhH0I6hd1GDEqNbxVlM="></latexit>

Cout = Ai.Bi + Cin.(Ai +Bi)

<latexit sha1_base64="0nGpAd02SaqQ/yk9GJJx3kDyvZQ="></latexit>

Cout = Ai.Bi

<latexit sha1_base64="88XcP1kK6eylR+2c24OfEJEzG2Y="></latexit>

A1A0, B1B0

<latexit sha1_base64="NuAK/dGcf6ojrDk81tA5D/2FXMg="></latexit>

FA

<latexit sha1_base64="YXpMLNlkseqapwFHkV/+K4CAFc0="></latexit>

B1
<latexit sha1_base64="mshRK4tnyT6K/30FFyCx/ougwfo="></latexit>

A1

<latexit sha1_base64="hy9OfRXCE/wl5ixNzVTbeubRnR4="></latexit>

S1

<latexit sha1_base64="kkLqU+7Q4m1rdp4cnaEyXX/fF94="></latexit>

HA
<latexit sha1_base64="7jMee+F8o5VH6Qd1RvLlNuFJK1s="></latexit>

C0

<latexit sha1_base64="0fWBNRG/mRadohI/9JEBKeqyNCQ="></latexit>

B0
<latexit sha1_base64="v3/kyNVpbrvofraAgf5lc4vIu00="></latexit>

A0

<latexit sha1_base64="L51Y3M61CJE+LkClOcE5E4496Rk="></latexit>

S0

<latexit sha1_base64="AxtBPbsrnscjGLRQz8vhggZ6sjQ="></latexit>

C0 = A0.B0
<latexit sha1_base64="SNB5tH45CTsrzYuPxo1bhuXyCfI="></latexit>

C1 = A1.B1 + C0.(A1 +B1)

<latexit sha1_base64="HxDuqFYzqEUsTUYmPwevedks1vI="></latexit>

C1

substitute...
<latexit sha1_base64="4xdpIeE20W2zxkPni5thpd2gm9Y="></latexit>

C1 = A1.B1 + (A0.B0).(A1 +B1)



<latexit sha1_base64="ZbrMNYzTLQG3KdOQCHj5q25nYD4="></latexit>

We have already established that subtraction can be performed via
addition using 2’s complement representation

e.g. to compute S = A→B:

1. find the 2’s complement representation of →B

2. compute A+ (→B)

Subtraction

<latexit sha1_base64="qhIWX1vjexOd3/2sbDXF9cNl558="></latexit>↭ How do we build a circuit to implement subtraction?

↭ How can we use the same circuit for performing both addition and subtraction?



<latexit sha1_base64="jDA+DTFyvMVB0xOGYhxEN86H/D0="></latexit>

To compute S = A→B:

1. find the 2’s complement representation

of →B:

(a). Bn→1 . . . B1B0 ↑ Bn→1 . . . B1B0

Add/
Subtract

Bi XOR

0 0 0

0 1 1

1 0 1

1 1 0

(b). add 1

2. compute A+ (→B)

4-bit adder/subtractor

Full Adder (FA)

<latexit sha1_base64="YXpMLNlkseqapwFHkV/+K4CAFc0="></latexit>

B1
<latexit sha1_base64="68ZrAC7KYLTSwE1ElfHJ/3fG9xA="></latexit>

B2
<latexit sha1_base64="Y5KzIYyUXBjSKj7X7WDDQ/Fectk="></latexit>

A2

<latexit sha1_base64="e4hhOzh/F1c8NX8tTJjoYZhzcH4="></latexit>

C2
<latexit sha1_base64="HxDuqFYzqEUsTUYmPwevedks1vI="></latexit>

C1

<latexit sha1_base64="mshRK4tnyT6K/30FFyCx/ougwfo="></latexit>

A1

<latexit sha1_base64="hy9OfRXCE/wl5ixNzVTbeubRnR4="></latexit>

S1
<latexit sha1_base64="kk5WmFw30h++qxePGI8cOhUbnWM="></latexit>

S2

<latexit sha1_base64="7jMee+F8o5VH6Qd1RvLlNuFJK1s="></latexit>

C0
<latexit sha1_base64="OTNHTH+TS+0DPYVV3oM+/VqcfaY="></latexit>

S0
<latexit sha1_base64="hH8zCIfLDZtSoqQM9wI317R5/Qo="></latexit>

S3

<latexit sha1_base64="h27FoFnTnJJj+cd2NpYN/M3W71Q="></latexit>

C3

<latexit sha1_base64="BSB6hu7J/+xdyvkrdo+kbjH6O8E="></latexit>

A3

<latexit sha1_base64="PMVtkbyfOoA3zaVZFub4MjSBZks="></latexit>

B3
<latexit sha1_base64="eTyl548NpMkZnIJ24yRHKONbpr4="></latexit>

B0
<latexit sha1_base64="6x2KqPR73u7vsnB276p9YuVxmFI="></latexit>

A0

<latexit sha1_base64="UeYt1TZty9vU7kxD26gypiLLOps="></latexit>

C→1

<latexit sha1_base64="U5YodrZTT5O6N20M3kDnlhYGIp4="></latexit>

Add/Subtract

<latexit sha1_base64="V+3uYvfIQM4K+TNbhEnqjlXZ9XQ="></latexit>

Add

{

<latexit sha1_base64="I4ueNjMuwfmDm35LegDw3vSoWy0="></latexit>

Subtract

{

+1



Carry and Overflow flags

l Carry flag (a single bit output) indicates sum of two 
binary numbers will generate a carry out

l If using 2's complement there's an extra problem...

255

+127

-128

80+100
80      100

-76

180 = 1011 0100 = -128+32+16+4 = -76

+180

OVERFLOW80 + 100 = ?

<latexit sha1_base64="0fWBNRG/mRadohI/9JEBKeqyNCQ="></latexit>

B0
<latexit sha1_base64="v3/kyNVpbrvofraAgf5lc4vIu00="></latexit>

A0

<latexit sha1_base64="L51Y3M61CJE+LkClOcE5E4496Rk="></latexit>

S0

<latexit sha1_base64="NuAK/dGcf6ojrDk81tA5D/2FXMg="></latexit>

FA
<latexit sha1_base64="NuAK/dGcf6ojrDk81tA5D/2FXMg="></latexit>

FA
<latexit sha1_base64="NuAK/dGcf6ojrDk81tA5D/2FXMg="></latexit>

FA

<latexit sha1_base64="YXpMLNlkseqapwFHkV/+K4CAFc0="></latexit>

B1
<latexit sha1_base64="68ZrAC7KYLTSwE1ElfHJ/3fG9xA="></latexit>

B2
<latexit sha1_base64="tmhjrwI6XN37AaZv2ikC/xYGsqo="></latexit>

Bn→1
<latexit sha1_base64="QnURTWXEmCspWodoG6wb9qd5OFM="></latexit>

An→1

<latexit sha1_base64="3oAKZEWtyA8bIp8+KoaFZd8QhS4="></latexit>

Cn→1

<latexit sha1_base64="RGLU6TndKaG11Lk5PX2G2CdEniI="></latexit>

Sn→1

<latexit sha1_base64="luRnWFPwP+/kHkOf2ncG7nrH/ww="></latexit>. . .

<latexit sha1_base64="Y5KzIYyUXBjSKj7X7WDDQ/Fectk="></latexit>

A2

<latexit sha1_base64="e4hhOzh/F1c8NX8tTJjoYZhzcH4="></latexit>

C2

<latexit sha1_base64="HxDuqFYzqEUsTUYmPwevedks1vI="></latexit>

C1

<latexit sha1_base64="mshRK4tnyT6K/30FFyCx/ougwfo="></latexit>

A1

<latexit sha1_base64="hy9OfRXCE/wl5ixNzVTbeubRnR4="></latexit>

S1
<latexit sha1_base64="kk5WmFw30h++qxePGI8cOhUbnWM="></latexit>

S2

<latexit sha1_base64="kkLqU+7Q4m1rdp4cnaEyXX/fF94="></latexit>

HA
<latexit sha1_base64="7jMee+F8o5VH6Qd1RvLlNuFJK1s="></latexit>

C0



How long is a word?

• “Binary digit” became the word “bit”

• Standard sized grouping of bits was termed “byte”
-- Today, this is almost universally 8 bits

• A “word” is the standard data size for a particular computer architecture
-- Today usually 32 or 64 bits = 4 or 8 bytes

• A “syllable” was used in the past for byte/word

• A “nybble” is (naturally) half a byte



How many bytes in a kilobyte?

• Metric approach (SI) 1 kB = 1000 bytes

• “Binary” approach uses 1 kB = 210 = 1024 bytes

• Both are in use, so be careful which is relevant

• So, 1 terabyte (1 tB) could be 1x1012 bytes or 1.1x1012 bytes 



Multiplication

1357
x   11
 1357
13570
14927

1011
x   11
  1011
 10110
100001

Decimal Binary

A shifted one place to left

A
B

A + shifted version of itself

For each non zero bit in B, add a shifted copy of A to the result

MAX NUMBER OF BITS REQUIRED = 2n

1011
  x 1111
    1011
   10110
  101100
 1011000
10100101

1011
  x 1101
    1011
   00000
  101100
 1011000
10000111



Fixed point arithmetic
So far, we have considered only integer arithmetic – now consider numbers with a decimal 
(or binary) point:

3.1415!" = 3×10" + 1×10#! + 4×10#$ + 1×10#% + 5×10#&

= 3×1 +
1
10 +

4
100 +

1
1000 +

5
10000

101.1011$ = 1×4 + 1×1 +
1
2 +

1
8 +

1
16 = 5.6875

Decimal

Binary

Fixed point numbers 
 – have a fixed number of bits before and after the decimal binary point

– e.g. 0000.0001  smallest number possible = 1/16
  1111.1111  largest number possible  = 25 - 1/16 = 15.9375

2-1   2-2   2-3   2-4



Fixed point addition

1010.1101
+ 0101.0011
  10000.0000

Just like normal addition - add bitwise as usual

Possibility of carry out being generated



Fixed point multiplication

We can no longer accurately represent the answer in fixed point representation
 - this phenomenon is known as “underflow”

Truncate: 0000.1010 = 1/2 + 1/8 = 5/8 = 0.625

Q: How can we get around this problem? 

A: Use floating point representation - allow number of digits before and after 
the binary point to change according to requirements

8 + 2 + 1/2 + 1/4 + 1/16 = 10.8125
1/16 =   0.0625 x

0.675781251010.1101
x  0000.0001
   0000.10101101



Floating point numbers

We often use “scientific notation” for numbers

 e.g. c = 2.9979 x 108 ≃ 299 792 458 ms-1

-- The decimal point location is determined by the exponent

-- The value is determined by the mantissa

-- We can do the same in binary:

  e.g. 1011.1010 = 1.0111010 x 23

-- Useful fact: all binary numbers start with 1 



Generalised binary floating point

<latexit sha1_base64="Q5OBoDVkk4NzvprKDo4Ck1XQTuk="></latexit>

s exponent fraction

<latexit sha1_base64="QhkVcPLobGLnsHmtNf3p2BGKvcM="></latexit>

1 bit
<latexit sha1_base64="tIV6JHmmkbal1nd+VeGc6CGCQz8="></latexit>

8 bits
<latexit sha1_base64="SKV4cVELm3bG51dy6FkMktTYYZM="></latexit>

23 bits

<latexit sha1_base64="t8/YHK9TGRPsa2xiNDj1b78UEDQ="></latexit>

sign bit:

s =

{
1 →ve

0 +ve

<latexit sha1_base64="XbjIA/D8MggOWrWtwTP7nZOqIEw="></latexit>

exponent

shifted binary:
f = exponent→ 127

<latexit sha1_base64="MhTYtgkQSvI16rfRP6pQe6nOGeA="></latexit>

fraction

contains only the bits after the binary point:
mantissa = 1.XXXXXXXX

IEEE standard 32-bit floating point number:
<latexit sha1_base64="jW4FpOnN0+5Wp8dgaRyNeY27peg="></latexit>

±1.XXXXXXXX → 2f

<latexit sha1_base64="mgqUjtk82FW/VOqTRwX4Wrmqkd8="></latexit>

1 0111 0101 101 0100 1001 0111 1101 0101 = →1↑ 2117→127 ↑ 1.101 0100 1001 0111 1101 01012

= →1↑ 2→10 ↑ 1.6608835458755493164110

= (→1.621957↑ 10→3)10
<latexit sha1_base64="gK6movClIX+JosCppru9j5YU0PI="></latexit>

(6 d.p.)



Arithmetic logic unit (ALU)

ALU

A

S

C-flag
O-flag
U-flag

+/-
The calculating part of a computer processor

• Contains a full ripple adder (e.g for 8 bits, etc.)

• Driven by control lines +/-

• Two input numbers (e.g. 8 bit)

• One output (e.g. 8 bit)

• Flag-lines indicate fault conditions:

-- Carry-out
-- Overflow
-- Underflow

B



1. Logical functions and logic gates

2. Low level logic design

3. Binary number representation

4. Binary arithmetic

5. Integration of digital logic components

6. Memory and sequential circuits

7. Design of sequential logic

8. Data converters: analogue to digital / digital to analogue 

Overview of lectures

Please send feedback, comments and corrections to mark.cannon@eng.ox.ac.uk


